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Abstract 

We study local and global existence and smoothing properties for the initial value problem associated 
to a higher order nonlinear Schrodinger equation with constant coefficients which appears as a model 
for propagation of pulse in optical fiber. 
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1 Introduction 

We consider the initial value problem 

, , f iut +UJ Uxx + i f3 Uxxx + |Mp u = f e M 

u{x, O) = uo{x) 

where w, /3 S R, /? 7^ and u — u{x,t) is a complex valued function. The above equation is a particular 
case of the equation 



iQ) 



iUt + U! Uxx + i P Uxxx + ^ \ u\'^ u + i S \u\'^ Ux + i i Ux — X, t 

u{x, 0) = uq{x) 



where w, /3, 7, i5 are real numbers with /? ^ 0. This equation was first proposed by A. Hasegawa and Y. 
Kodama [13] as a model for the propagation of a signal in an optic fiber (see also [201 )■ The equation 
(Q) can be reduced to other well known equations. For instance, setting lj = 1, (3 = 5 = e = Q in {Q) we 
have the semilinear Schrodinger equation, i. e., 

iut + Uxx + jWI"^ u = 0. iQi) 

If we let /3 = 7 = and = 1 in (Q), we obtain the derivative nonlinear Schrodinger equation 

iut + Uxx + iS\u\'^ Ux + ieu'^Ux = 0- {Q2) 

Letting a = 7 = e = in (Q), the equation that arises is the complex modified Korteweg-de Vries 
equation, 

iut + i [3uxxx + i5\u\'^ Ux ^ 0. (Qs) 

The initial value problem for the equations (Qi), (Q2) and (Q3) has been extensively studied in the last 
few years. See, for instance, [IlHlllllllllll[I3[Illll[27]and references therein. In 1992, C. Laurey 
[22] considered the equation (Q) and proved local well-posedness of the initial value problem associated 
for data in H'{m), s > 3/4, and global well-posedness in i7"(R), s > 1. In 1997, G. Stafhlani [21] for (Q) 
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established local well-posedness for data in 77* (R), s > 1/4 improving Laurey's result. A similar result 
was given in [51[B] with w{t), (3{t) real functions. 

Our aim in this paper, is to study gain in regularity for the equation (P). Specifically, we prove conditions 
on (P) for which initial data mq possessing sufficient decay at infinity and minimal amount of regularity 
will lead to a unique solution u{t) G C°°(M) for < i < T, where T is the existence time of the solution. 
We are not considering the equation (Q) because of the technique used here, we shall see that the last 
two terms in (Q) are not outstanding in the main inequality, indeed the two last terms are observed in 
the last two terms in the main inequality. 

In 1986, N. Hayashi et al. [T^ showed that for the nonlinear Schrodinger equation (NLS): iut + 
Uxx = A|w|P~^u, {Xj t) S K X M with initial condition u{x, 0) = uo{x), x G M. and a certain assump- 
tion on A and p, all solutions of finite energy are smooth for t ^ provided the initial functions in 
ff-'^(R)(or on L'^(M.)) decay sufficiently fast as \x\ — > oo. The main tool is the operator J defined by 
Ju — e^^ /4 * (2 i t) i9a: (e~ " * u) — {x + 2itdx)u which has the remarkable property that it commutes 
with the operator L defined hy L ~ {idt + d^), namely LJ ~ JL — [L, J] = 0. 

For the Korteweg-de Vries type equation (KdV), J. C. Saut and M. Temam remarked that a so- 
lution u cannot gain or lose regularity. They showed that if u{x, 0) — uo{x) S H^{M.) for s > 2, then 
u{- , t) G IP'(IR) for all t > 0. For the KdV equation on the line, Kato p/7j motivated by work of Cohen 
[IT] showed that if u{x, 0) = uo{x) e L'l = H'^iR) n L2(e&^ dx){b > 0) then the solution u{x, t) of the 
KdV equation becomes C°° for all t > 0. A main ingredient in the proof was the fact that formally the 
semi-group S{t) = e"^' in Ll{R) is equivalent to Sb{t) = e~*^^^~''^^ in L'^{R) when t > 0. One would be 
inclined to believe that this was a special property of the KdV equation. However, his is not the case. 
The effect is due to the dispersive nature of the linear part of the equation. Kruzkov and Faminskii [3T] 
proved that u{x, 0) = uo{x) G L^(R) such that x"" uo{x) G ^^((0, +oo)), the weak solution of the KdV 
equation, has ^-continuous space derivatives for alH > if Z < 2 a. The proof of this result is based on 
the asymptotic behavior of the Airy function and its derivatives, and on the smoothing effect of the KdV 
equation which was found in [171 121] ■ While the proof of Kato appears to depend on special a priori 
estimates, some of this mystery has been solved by the result of local gain of finite regularity for various 
others linear and nonlinear dispersive equations due to Ginibre and Velo 12J and others. However, all of 
them require growth conditions on the nonlinear term. 

In 1992, W. Craig, T. Kappeler and W. Strauss [H H] proved for the fully nonlinear KdV equation 
ut+ f{uxxxi Uxx, Ux, u, x, t) = 0, X £ t > and certain additional assumption over / that C°° 
solutions u{x, t) are obtained for all i > if the initial data uq{x) decays faster than polynomially on 
M+ = {a; G M : x > 0} and has certain initial Sobolev regularity. Following this idea, H. Cai [1] stud- 
ied the nonlinear equation of KdV-type of the form ut + Uxxx + ,t) f{uxx, Ux, u, x, t) = 0, where 
a{x, t) is positive and bounded, obtaining the same conclusion. Subsequent works were given by O. Vera 
[501 [5T1 132 133] for a nonlinear dispersive evolution equation, a KdV-Burgers type equation and for KdV- 
Kawahara type equation, respectively. In more than one spatial dimension, J. Levandosky [23], proved 
infinite gain in regularity results for nonlinear third-order equations. While [8J included local smoothing 
results for some mth-order dispersive equation in n spatial dimension, their results and the techniques are 
different from those presented by Levandosky. First, they consider equations with only a mild solution 
and Levandosky considers equations with very general nonlinearities including a fully nonlinear equation 
of the form 

Ut + f{D^u, D'^u, Du, u, X, t) = 0, 
u{x, y, 0) = uo{x, y). 

Secondly, they indicate local gain in finite regularity and Levandosky proved complementary results 
showing the relationship between the decay at infinity of the initial data and the amount of gain in 
regularity. More specifically, it is proved a condition under which an equation of the form 

Ut + a Uxxx +bUxxy + CUxyy + dUyyy + f{D'^u, Du, u, X, t) = 0, 

u{x, y, 0) = uo{x, y), 

where a, b, c, d are assumed constant. Indeed, Levandosky proved sufficient conditions on this equation 
for which a solution u will experience an infinite gain in regularity. Specifically, prove conditions for 



2 



which initial data uo{x, y) possessing sufficient decay at infinity and a minimal amount of regularity will 
lead to a unique solution u{t) G C°°(M^) for T* where T* is the existence time of solutions. According 
to the characteristics of equations (P) and considering the particular cases (Qi) and (Q2) we could hope 
that the (P) equation have gain in regularity following the steps of N. Hayashi et al. 13J or W. Craig et 

ai. [g. 

In our problem, the initial idea is to apply the technique given by N. Hayashi et al. [T5tfn] to obtain gain 
in regularity. Firstly, using straightforward calculus we can see that the equation (P) has conservation of 
the energy, i. e., ||u||i2(K) = ||wo||i2(K)- On the other hand, we look for estimates for Ux that will help to 
obtain a priori estimates, basically to obtain estimates in L°°(M). Indeed, differentiating in the a;- variable 
the equation (P) we have 

iUxt +il3Uxxxx +UJUxxx + i\u\'^)xU+ \u\'^Ux = 0, (1.1) 
and multiplying (jl.ip by Ux 

Z Ux Ux i ~t~ ^ /3 Ux Uxxxx ^ ^x '^xxx ^" (| ^ 
I Ux Ux t 

i 13 Ux Uxxxx + w w X '^XXX 

+ {\uf )xUUx + \uf \uxf = 0. (applying conjugate) 



Subtracting and integrating over a; G K, we have 

d_ 

di 



i— / \ux\ dx + i (3 I UxUxxxxdx + iP I Ux Ux 



+ 2iujlm / Ux Uxxxdx + 2i Im / {\u\'^)x uuxdx = 0. 
Jr Jr 

Performing integration by parts and straightforward calculations we obtain 



[ \ux\^dx + 2Im I {\u\^)xUUxdx ^ Q (Ei) 

at Jr Jr 



where 

d 
di 



II^*2:|Il2(r) + 2/m / u'^uldx = {E2) 
Jr 

or integrating by parts the second term in (Pi ) we obtain 

"a:llL2(R) - 2/m / \u\'^ uuxxdx ^ 0. (P3) 
Jr 



d 
di 



Thus it is not possible to estimate in H^{M.), because it appears a second term with two derivatives. The 
reason of having an estimate in the derivative is related to Sobolev embedding. In one spatial dimension 
we have the embedding iJ^(R) ^ L°°{M.). It seems that the term i (3uxxx is crucial. It makes the two 
"top" terms look like KdV equation; that is, Ut + Uxxx + • . • . Of course, the solution is complex, so that 
the equation is like two coupled real KdV equations. 

This was our motivation to obtain gain in regularity using the idea of W. Craig et al. ^8;. We prove 
conditions on (P) for which initial data uo{x) possessing sufficient decay at infinity and a minimal amount 
of regularity will lead to a unique solution u{t) G C°°(M) for t > 0. We use a technique of nonlinear 
multipliers, generalizing Kato's original method, together with ideas of Craig and Goodman [7 All the 
physically significant dispersive equations and systems known to us have linear parts displaying this local 
smoothing property. To mention only a few, the KdV, Benjamin-Ono, intermediate long wave, various 
Boussinesq, and Schrodinger equation are included. This paper is organized as follows: Section 2 outlines 
briefly the notation and terminology to be used subsequently. In section 3 we prove the main inequality. 
In section 4 we prove an important a priori estimate. In section 5 we prove a basic-local-in-time existence 
and uniqueness theorem. In section 6 we prove a basic global existence theorem. In section 7 we develop 
a series of estimates for solutions of equations (P) in weighted Sobolev norms. These provide a starting 
point for the a priori gain of regularity. In section 8 we prove the following theorem: 
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Theorem l.l(Main Theorem). Let \ui\ < 3/3, T > and u{x, t) be a solution of (P) in the region 
R X [0, T] such that 

ueL'^{[0,T]: H^WoLo)) (1-2) 

for some L>2. Then 

u G i:-([0, T] : H^+\W,,L-i,i))nL\% T] : H^+\W,,l-1-i,i)) (1-3) 
for all < / < L - 1 and all cr > 0. 
Remark. We consider the Gauge transformation 

u{x,t) = e'^^''+'^^*v{x-dit,t) = e^v{r],^) (1.4) 
where 9 = id2X + id^t, r] = x — d\t and £,=t. Then 

Ut = idze^ V — di v^^ e^ : Ux = id2e^ v + e" 

Uxx = — d\e^ V + 2id'2e^ Vn + '■ Uxxx = — id^e^ v — Z^e^ Vn + 3 i ^2 t;^,, + w,,,,,,. 

Replacing in [Q) we have 

— d^ V — i di Vj^ + i — uj d\e^ V + 2i ijj d2 + ui e^ 
(3 d\e^ V — ii f} d^e^ Vn — 3 /3d2e^ Vr/n + i (3e^ Vrf^r] +^\v'\^ v 

- 5 d2\v\^ V + i 5\v\'^ e^ Vr, + ed2e^ v^v + iee^ Vr, = Q 



where 



iv^ + {lo ~ 3(3d2)vrjrt + i f} Vrjrjrj + {2 i iv d2 — 3 i 13 d^ — i di + i 5 {vl"^ + 1 € V^) Vr, 
{P dl - u dl - da + Ivl"^ -6 d2\v\'^)v + ed2V^v = 



then 



This way in (Q) we obtain 



it;^ + + +ew2)w^ + (^7 - -^j \v?v + —v'^v = 0, 

but v'^v = vvv= \v\^v, then using the Gauge transformation we have the equivalent problem to (Q) 

\ i;(r/, 0) = e"'3^''uo(??). 

Here, rescaling the equation, we take (3=1- 

ivt + iVxxx + i5\v\'^Vx + iev'^Vx + {l + ^ - ^) = i G R 

11(3;, 0) = e~'^^'Uo(a;)- 

The above Gauge transformation is a bicontinuous map from L^{[G, T] : H^iWaik)) to itself, as far as 
< T < +QO and p, s, tr, i. A; used in this paper. With this, the assumption |a;| < 3 /3 imposed in Theorem 
1.1 can be removed. 
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2 Preliminaries 



iut + ujUxx + i fiuxxx + \u\'^ u ^ 0, x, t e 
u{x, 0) — uq{x) 



We consider the initial value problem 
{P) 

where /3 £ R, P ^ and u — u{x, t) is a, complex valued function. 
Notation. We write d — d/dx, dt — d/dt and we abbreviate Uj ~ d^u. 

Definition 2.1. A function ^ = ^(x, t) belongs to the weight class Wa- i k if it is a positive C°° func- 
tion on K. X [0, T], 9^ > and there are constant Cj, < j < 5 such that 

0<ci<t-''e-''''^{x,t)<C2 yx<-l, 0<t<T. (2.1) 
< C3 <t-'' x-^^{x, t) <Ci Vx>l, 0<<<T. (2.2) 
{t\dta + \d^a) /^<C5 V(:e, t)eRx[0, T], VjeN. (2.3) 

Remark. We shall always take a > 0, i > 1 and A; > 0. 
Example. Let 



1 + e^^/^ for x > 
for x < 



then C e Woio- 



Definition 2.2. Let TV be a positive integer. By H'^ {Wa i k) we denote the Sobolev space on R with 
a weight; that is, with the norm 



N 

Mh^{w^.,)=Y1 / \d'vix)\''^{x,t)dx <+oo 



J=0 

for any ^ G i k and < i < T., Even though the norm depends on ^, all such choices leads to equivalent 
norms. 

Remark. H'^(Wa i k) depends on t (because ^ = ^(x, t)). 

Lemma 2.1. (See [4]) For ^ G Waio and ct > 0, i > 0, there exists a constant c > such that, 



supllCu^ll < c / {\uf + \du\^) idx 



Lemma 2.2(The Gagliardo-Nirenberg inequality). Let q, r be any real numbers satisfying 1 < q, r < oo 
and let j and m be nonnegative integers such that j < m. Then 



\\d'u\\m^) < c ||a"u||^(R) \\u\ 



where ^ — j + a {^ — to) + i!— 2i for all a in the interval ^ < a < 1, and M is a positive constant 
depending only on to, j, r anS a. 

Definition 2.3. By i^([0, T] : H'^ {Wa i k)) we denote the space of functions v{x, t) with the norm 
(iV integer positive) 
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Remark. The usual Sobolev space is iJ (M) = (Wo o o) without a weight. 

Remark. We shall derive the a priori estimates assuming that the solution is C°°, bounded as a; ^ — c», 
and rapidly decreasing as a; + cxd, together with all of its derivatives. 

Considering the above notation, the higher order nonlinear Schrodinger equation can be written as 

zMt + i/3u3 +a;M2 + = 0, x, t e M (2.4) 

where /3 S M, 7^ and u — u{x, t) is a complex valued function. 

Throughout this paper c is a generic constant, not necessarily the same at each occasion(it will change 
from line to line), which depends in an increasing way on the indicated quantities. In this part, we only 
consider the case t> Q. The case i < can be treated analogously. 

3 Main Inequality 

Lemma 3.1. Let < i j3. Let u he a solution of (|2.4p with enough Sobolev regularity (for instance, 
u e i?^(M), iV > a + 3;, then 

dt / ^\ua\'^dx+ / T]\Ua+l\'^dx + / 9\ua\'^dx+ / R^dx < (3.1) 
Js. Jr Jr Jr 

where 

r, = (3/3-|c^|)9C for \u\ < 3 p 

6 = - [dtS, + P d^S, + \uj\dS, + cqS,] where cq = ||u|||oc(r) 

and Ra = Rai\Ua\, \Ua-l\, . . .). 

Proof. Differentiating (|2.4p a-times (for a > 0) over a; e M leads to 

IMat +Z/3Ma+3 +WUa+2 + (|wP)aW+ ^ ( \ {\u\'^) a-m U,n + \u\'^ Ua ^ ■ (3.2) 

m=l V"^/ 

Let ^ = ^(x, t), then multiplying ()3.2|) by we have 

i^UaUat +iPS.UaUa+3 +UjS.UaUa+2 + i\u\^)aS.UUa 



m— 1 ^ ' 



-iiUaUat-iPS.Ua Uq+3 + 6 a 

+ X! ( ] {W\'^)a-rniumUa+ i\u\'^\ua\^ ^Q. (applying Conjugate) 

m=l V™/ 

Subtracting and integrating over a; G K we have 

idt I (^\ua\'^dx + i (3 I £,UaUa+3dx + i(3 / S^UaUa+sdx — i / S,t\ua\'^dx 
JR Jr Jr Jr 

+ UJ £,Ua Ua+2dx — UJ / £^ UaUa+^dx + 2 i Lm f {\u\^) a UUadx 



R 



2i ^ f " j /m / ^ (|wp)Q-m Uarfa; = 0. 

m=l •^'^ 



(3.3) 



We estimate the second term integrating by parts 

JR JR Jm. Jm 



The other terms are calculated in a similar way. Hence, replacing in p.3|) and performing straightforward 
calculations we obtain 

idt \ua\'^ dx + i P / d'^S^UaUa+idx + 2i (3 / dS,\ua+i^dx 

JR JR JR 

+ i (3 S,Ua+2Ua+idx + i P / d'^£_UaUa+idx + i P / dS, \ua+i\'^ dx 



"i P £, UcY+l Ua+2dx — UJ / dS, Ua Ua+ldx — LU / £^ lUa+l]"^ dx 

Jr Jr Jr 

LO I dS^UaUa+ldx + U) I £^\Ua+l\^ dx ~ 1 / dt£,\Ua\'^dx 

Jr jr Jr 

2ilm / ^{\u\'^)aUUadx + 2iy^ )/m / ^(| 



^1 )a — m Uadx — 



then 



dt / S,\ua\'^dx — (3 / (9'^^ luaprfa; + 3/3 / d^\ua+i\^dx — 2lu Im / d^UaUa+idx 
Jr Jr Jr Jr 

— / dti,\ua^dx + 2Ira / f (|uP)q, u UqcJx + 2 ( |/m / ^ u„i u^dx = 

Jr Vn) Jr 

hence 

9* / i\ua^dx-P / luapda; + 3/? / ^Clua+ipda; + 2/m / {\u^)aiuuadx 



therefore 



/ dt^\u^\^dx+ 2y] ('^]lm [ a\u\')c.^ 

Jr Jr 

5^ Iwapda; + / d^\ua+i\'^dx 
Jr 



.UmUadx — 2lo Im j d£,UaUa+ldx 



But 



dt I ei"a|'dx+ I [2,l3-\oj\]di\u^+i\^dx- [[dti + l3d^^+\Lo\di]\u^\''dx 

JR JR JR 

+ 2Im / ^ u UqC?x + 2 ( l/m / £^(\u\'^)a-mU„iUadx < 0. (3-4) 

Jm \mj Jr 



then 



a-1 



(iMp)g-UUg = iMplUgP + X! ( Z, jUa-kUkUUa + u'^ 



k=l 
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thus, 



kUkU Uadx + 2 Im I ^u^ u^dx 



2 Im / ( |u|^)c< C u Uadx = 2 ( j Im / ^ Uc<_ 

- ^Xlf?) / ^ka-fcl |wfc| |m| |waMa; + 2||u||^oo(R) / ^Iwa^fia; 

/ C|wa-fe| |ufc| ka|(ia; + 2 ||m|||oo(r) / ^\ua\'^dx 

V*^/ JR 



fe=l 

a-1 

< 2||u||ioo(H) 

fc=l 



hence, in p.4p we have 



Therefore, using straightforward calculations we obtain the main inequality 

dt j i\ua\^dx+ / r]\ua+i?dx+ I e\uo,\^dx+ / R^dx <Q 

jR Jr Jr Jr 

where 

1] = {3f3-\Lu\)d^ for \uj\<SP 

9 = - [9i^ + /3 93^+|c^|ae + coe] where co ^ \\u\\l^^^^ 

and Ra = Ra{\Ua\, \Ua-l\, . . .)• 

Remark. In p.4p using Young's estimate and assuming that /? > we have 

2lu Im I tL^Ua+i dx < -L-L f dx + 2 P f juc+ip da;. 
Jr ^ P Jr Jr 

Then, in p.4p we obtain 

5* / ^\ua\'^dx-P / a^C|uaPc?a; + /3 / 9^ l^a+i Pcia^ + 2 /m / {\u\'^)a^uuadx 



— / |uQ.Pdx + 2 ( ]Im / ^ Uadx = 2 w/m / dS,UaUa+ldx 

Jr V"V ^r 

and the assumption that \lu\ < 3/3 can be removed. 

Lemma 3.2. For rj G i k cm arbitrary weight function and \uj\ < 3 there exists ^ 6 
that satisfies 

r,^{3P-\u;\)d^ for |c^| < 3 

Indeed, we have 



Lemma 3.3. The expression Ra in the inequality of Lemma 3.1 is a sum of terms of the form 

iu^^ U^^ Ua (3.8) 

where 1 < vi < ^2 < ot and 

vi + V2 = oi (3.9) 

Proof. It follows from p.Sp . 

4 An a priori estimate 

We show now a fundamental a priori estimate used for a basic local-in-time existence theorem. We con- 
struct a mapping Z : i°°([0, T] : H'{M.)) i — > L°°([0, T] : H'iR)) with the property: 
Given m*^"' = Z{u^-^^~^^) and essupf^[Q f]\\u^"^^^\\s < cq then essMpfg[o.T]ll''^'"''l|s cq, where s and 
Co > are constants. This property tells us that Z : Bco(O) i — > Bco(O) where Bco(O) = {v{x, t) : 
||^^( ■ : t)\\s < Co} is a ball in L°°([0, T] : _ff*(M)). To guarantee this property, we will appeal to an a priori 
estimate which is the main object of this section. 

Differentiating (|2.4p two times leads to 

idtU2 + il3u5+ujUi + {\u\'^)2U + 2 (|up)i ui + \u\'^ U2 = 0. (4.1) 

Let u = Av where A = (/ — d^)^^. Hence u = {I — d'^)^^v then u — U2 = v where dtU2 = —vt + Ut. 

Replacing in (|4.ip we have 

-ivt + il3 AV5+UJ Avi + {\Av\'^)2 A t; + 2 (| AwHi Awi 

+ \Av\'^ A W2 - (i /3 A W3 + A W2 + I A Av) = 0. (4.2) 

The (|4.2p equation is linearized by substituting a new variable z in each coefficient: 

-^^;t -f i /? A i;5 + w A i;4 + (I A 2^)2 A^; + 2 (| A zp)i A ^;l 

-I- I A A i;2 - (i /3 A U3 -I- w A U2 -I- | A zj^ A w) = 0. (4.3) 

The linear equation which is to be solved at each iteration is of the form 

idtv^i/S A -y^"^ + A 4"^ - « /3 A - ^ A + (4.4) 

where 6^^) = (| A 2^)2 A w -f 2 (| A zp)i A t;i -I- 1 A A U2 - | A A u. Equation (|4.4p is a linear equation 
at each iteration which can be solved in any interval of time in which the coefficient is defined. 

We consider the following lemma that will help us setting up the iteration scheme. 

Lemma 4.1. Let \uj\ < 3 /3. Given initial data uq{x) £ H°°{M.) = f^^^^ (M) there exists a unique 
solution of (|4.4p where b^^^ is a smooth bounded coefficient with z G iJ°°(M). The solution is defined in 
any time interval in which the coefficient is defined. 

Proof. Let T > be arbitrary and Af > a constant. Let 

T^^{idt-if3Ad'^~ujAd'^ + i/3Ad^+ojAd^) 
then in (14. 4p we have Tu — ^ b'^^K We consider the bilinear form B : T> x V 1 — > M, 



B{u, v) =< u, v >= Im / / 
Jo Js. 



e^^"uvdxdt 
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where V = {uGCg°{Rx [0, T]) : u{x, 0) = }. We have 

Tu-u = i^uut — i (i^u Au5 — ui Au4 + i (3^u Au3 + CO Au2 

Tu-u = — i^uut + ^/J^'W A Us — w^M A t74 — i/J^u A U3 + w^u A U2. (applying conjugate) 
Subtracting and integrating over a; G M we have 

2ilm / Tu ■ udx = idt / ^ — i dtS, \u\'^dx — if3 / A u^dx — if3 / A u^dx 

Jr Jr Jr Jr Jr 

— Lu / C u A Uidx + LU / A Uidx + / Ausdx + i (3 / Ausdx 
Jr Jr Jr Jr 

+ L0 / £,u A U2dx — ui / Au2dx. 



Each term is treated separately, integrating by parts 

/ ^ w A u^dx = / ^ A (/ — A u^dx = I ^ Au A u^dx — I ^ A M2 A u^dx 
Jr Jr Jr Jr 

= / d^^ Au Auidx+ / d^^\Auifdx-3 / d"^^ Aui Au2dx - 2 / a^|AM2|^da; 

Jr Jr Jr Jr 

+ / £, Au2 Ausdx- / d^S, Au2 Au^dx- / 9^ | A ital^dx + j £, Au^ Au^dx. 
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The other terms are calculates in a similar way. Then 

2 i Im / Tu ■ udx 

Jm. 



hence 



= idt [ ^\u\^dx-i I dt^\u\'^dx -iP [ d'^^ Au Amdx-iP [ d^^\Aui\^dx 
Jm. Jm. Jm Jm 

+ / d"^^ Aui Au2dx + 2iP / Au2\'^dx - i P j £, Au2 Au^dx 

Jr Js. Jr 

+ iP d'^^ AU2 A u^dx + ip / d^\A us\'^dx - i /3 / ^ A U3 A Uidx 
Jm Jr Jr 

-ip / d^^ Au Auidx-iP / d^^\ Auifdx + 3iP / Aui Au2dx 
Jr Jr Jr 

+ 2ip / d^\A U2fdx -ip / ^ A U2 A usdx + ip / A U2 A uadx 
Jr Jm Jr 

+ 2ip I d(,\A Ui\^dx + ip / ^ A W3 A u^dx + u) I d^^ Au A Uidx 

Jr Jr Jr 

+ UJ d'^S, I Auil^dx -2lo dS, Aui A U2dx - w / ^ | Au2\'^dx 
Jr Jr Jm 

— uj I AU2 A u^dx — u) / ^ | A u^l^dx — u) d^^ Au A Uidx 

Jr Jr Jr 

-uj I d'^£,\Aui\^dx + 2uj I Aui Au2dx + w I £,\Au2\^dx 
Jm Jm Jr 

+ u) I Au2 A usdx + ui / ^ | A usfdx + iP d^S, Au A uidx 
Jr Jr Jr 

+ ip / 9$ I A uil'^dx -ip j £, Aui A U2dx — iP / ^ A U2 A uadx 
Jr Jr Jr 

+ ip I Au Auidx + iP / 9^1 Aui\'^dx-iP / ^ Aui Au2rfa; 

Jr Jr Jr 

— i P I ^ Au2 A usdx — U! j Au A uidx — uj \ ^ | A u\^dx — ui / ^ | A U2^dx 

Jm Jr Jr Jr 

/ Au Auidx + u) / ^| Auifdx + oj / ^| Au2\^dx 
Jr Jr Jr 

2ilm [ Tu-udx = idt [ ^\ufdx-i [ dt^\u\'^dx - i P [ d'^^{\ Auf)idx 
Jr Jr Jr Jm 

-2iP [ d^^\Aui\^dx + 3iP [ d^^ {\ A ui\^)idx + 4i P [ d^\Au2\^dx 

R 



-ip [ ^{\Au2Wdx + ip [ d^^{\Au2\'^)idx + 3ip [ d^lAuafdx 
Jr Jm Jr 

+ 2iu) Im / Am Auidx — Aito Im / 9^ A mi A 112^2; 
Jr Jr 

- 2iuilm / d£, Au2 Ausdx + iP / d'^^{\ Au\'^)idx + 2i P / d^\Auifdx 

Jr Jr Jr 

- ip C(| Aui\'^)idx -iP / ^(1 Au2\'^)idx -2u;Im / 9^ Au Auida; 

Jr Jr Jr 
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then, adding similar terms and cutting the letter i we obtain 

2/m [ Tu-udx^dt [ ^\u\^dx- [ dtCH'^dx + (3 [ d^^\ A u\'^dx - 5 f3 [ d^^\Aui\^dx 
Jm Jul Jr Jr Jr 

+ 6/3 / d^\Au2fdx~l3 [ d^^ \ Au2fdx + 3 p [ d^\Au3\^dx 
Jr Jr Jr 

+ 2uj Ira I d'^S, Au Auidx — iu) Im / dS, Aui A U2dx ~ 2uj Im / 9^ A U2 A u^dx 
Jr Jr Jr 

-13 I a^CI Aupda; + 3/3 / 9^ | A uipdx - 2cj/to / di Au Auidx 
Jr Jr Jr 

then 

\uj\ [ d^\Au3\^dx+\oj\ [ d^\Au2\^dx + 2\oj\ [ \ A ui\^ dx + 2 \lu\ [ d^\Au2\^dx 
Jr Jr Jm Jr 

+ \uj\ [ d^\Au\^dx + \uj\ [ d^\Aui\^dx + \uj\ [ \d^^\\Au\^dx 
Jr Jr Jr 

+ / \d^£_\ \ Auil'^dx + / dt^\u\'^dx + 2Im / Tu-udx 
Jr Jr Jr 

> dt [ ^\u\^dx + 3(3 I a^|Au3pdx-/3 / I A U2pda; + 6/3 / dS,\Au2\^dx 



where 



5/3 / d''£,\AuiYdx + il3 / dS,\ Aui^dx + P / d''i\ Au^dx - (3 / d''£,\Au\'dx 
Jr Jr Jr Jr 



3|w| / d^\Au2\^dx+\u\ [\d^^\+3dS,]\Auifdx 
Jr Jr 

+ \uj\ [ [\d^S,\ + dS, + dt^] \Au\^dx + 2Im [ Tu-udx 
Jr Jr 

> dt [ i\u\^dx+ [ [3P-\uj\]d^\Au3\^dx- (3 [ d^^\Au2\^dx 
Jr Jr Jr 

+ 6^1 d^ \ Au2\^dx -5(3 [ d^^\Aui\^dx+ 3/3 / d^\Aui\^dx 
Jr Jr Jr 

+ P [ d^^\Au\^dx-P I d^i\Au\^dx 



> dt I i \u\'^dx + (3 ( [-9^^ + bdi] I A U2\'^dx 
Jr Jr 

+ 13 I [-5 9^^ + 35^] I Awipdx + /3 / [d'^i-d^i] \Au\^dx 
Jr Jr 

using ()2.3|) . Alt,, = {I — {I — d"^)) A w„-2 = Au„_2 — Un-2 for n a positive integer and standard estimates 
we obtain 

Im / Tu -udx > dt / ^\u\'^dx — c / ^jwpdx. 

JR JR JR 

Multiply this equation by e^*^*, and integrate with respect to < for i e [0, T] and u E T> 

Im ( [ e-'^"Tu-udxdt> [ e~'^"(dt [ ^\u\^dx^dt-c [ [ ^ e~'^'* \u\^dx dt 

Jo JR Jo V JR / JO JR 

/ ^\ufdx/^ + M [ [ ^e''^"\ufdxdt-c [ [ ^ e- \uf dx dt 

JR JO JR JO JR 



' ^{x,T)\u{x,T)\^dx + M [ [ S,e-'^"\u\^dxdt-c [ [ ^ e''^'* \u\^dx dt. 

Jo Jr Jo Jr 
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Thus 



< Tu, u Im I I e Tu-udx dt 



> 



^{x,T)\u{x,T)\'^dx+{M -c) [ [ ^e-^''*\ufdxdt 

Jo Jr 

£ J ^e-^"\u\^dxdt 



provided that M is chosen large enough. Then < Tu, u >>< u, u >, for all m G V. Let F* be the 
formal adjoint of T defined by T* = ^{-i df - i P A - uj A + i P A + lu A d'^). Let V* ^ {w € 
C^{R X [0, T]) : w{x, T) = 0}. In a similar way we prove that 

< T*w, w > > < w, w >, y w ^ V* . 

^From this equation, we have that F* is one-one. Therefore, < F*u;, F*t; > is an inner product on D* . We 
denote by X the completion of T>* with respect to this inner product. By Riesz's Representation Theo- 
rem, there exists a unique solution V £ X, such that for any w G V*, < £,b''^\ w >—< r*V, r*'w > where 
we use that ^6^^' e X. Then if w = T*V we have < v, r*w >=< ^6^^^ w > or < F*u;, v >=< w, ^6*^^) > . 
Hence, i; = F*y is a weak solution of Tv = with v eL^{Rx [0, T]) ~ L^{[0, T] : L^{R)). 

Remark. To obtain higher regularity of the solution, we repeat the proof with higher derivatives. It 
is a standard approximation procedure to obtain a result for general initial data. 

The next step is to estimate the corresponding solutions v = v{x, t) of the equation (|4.3p via the coeffi- 
cients of that equation. 

The following estimate is related to the existence of solutions theorem. 

Lemma 4.2. Let |w| < 3 /3 and < 71 < ^ < 72, with 72, 72 real constants. Let u, z G C*''([0, -l-oo) : 
{M)) for all fc, N which satisfy (|4.3p . For each integer a there exist positive nondecreasing functions 
G and F such that for all t > 

dt I iW\''dx<G{\\z\U)\\v\\l+F{\\z\U) (4.5) 

where \\ ■ \\a is the norm in H"[M) and X = max{l, a}. 

Proof. Differentiating a-times the equation (14. 3|) . for some a > we have 



a+2 

-idtVa+iPAVa+5+UjAVa+4-il3AVa+3 + ^h'-^^ AVj + {\z\'^)a+2 AV +p{AZa+i, ...) =0 (4.6) 

where /i^^-* is a smooth function depending on | A zp, . . . with i — 2 + a — j. For a > 2, p(Aza+i, • ■ •) 
depends at most linearly on Azq_|_i, while for a = 2, p{Aza+i, . . .) depends at most quadratically on 

AZa + l- 

We multiply equation (|4.6p by £^Va and integrate over x £ M 



■i I ^VadtVadx + i (3 / ^Va AVa+^dx + UJ £,Va A Va+idx — i P / £,Va A Va+sdx 

K Jm Js. Js. 

-I- ^ /l / £,VaAVjdx+ / (, {\z\'^)a+2Va A vdx + / ^ UqP(AZq + i , . . .)dx = 

j=3 "'K Jr Jm 
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and applying conjugate 

i / S^VadtVadx — i [3 I (^Va /\Va+5dx + U I Va AVa+4dx + i (3 / S^VaAVa+sdx 

Jr Jm Jr Jr 

+ / £.Va/\Vjdx+ / ^ {\z\'^)a+2Va Avdx + / ^VaP{/\Za+l, ■ ■ ■)dx — 0. 

^■^3 Jm Jr Jr 

Subtracting, it follows that 

— idt £,\Va\'^dx + i / dt^\Va\'^dx + i P / (,Va A Va+zdx + i P / S,VaAVa+5dx 

Jr Jm Jr Jr 

+ U! £_Va A Va+4dx — OJ / ^ A Va+4dx — i (3 / S^Va A Va+sdx — i P / $,Va AVa+3dx 

Jr Jr Jr Jr 

Q+2 „ a+2 



^h'-^^ / Avjdx -^h'-^'^ / ^VaAvjdx+ / ^ {\z\'^)a+2Va Avdx (4.7) 
,■^3 Jr j^3 "'r 

C (k|^)a+2Wa A Wdx + / ^VaP{AZa+l,.-.)dx- / ^ t)„ ^(AZa+l , ■ • O^^^; = 0. 

; Jr Jr 

Each term is treated separately, integrating by parts 

^ Wq, A Va+5dx = / ^ A (/ — d^)va A Va+^dx 
Jr 

£, AVa A Va+bdx ~ I £, A Va+2 A Va+^dx 

: Jr 

d'^S, AVa A Va+ldx + / d^^ I A Va+i\'^dx - 3 / A TJq,+i A Va+2dx 
Jr Jr 

-2 / 5^ I A iJa+2pdx + / CAwq+2 AwQ+sda;- / d'^£, Ava+2 A Va+sdx 
Jr Jr Jr 

-2 / d£,\ Ava+3\'^dx - / ^ A tJQ+4 A Wa+ada;. 
Jr Jr 

The other terms are calculated in a similar way. Hence in (|4.7p we have performing straightforward 
calculations as above 



dt / ^|t;„rdx+ / atCbarda;-^ / d^^\Av^\'dx + 2l3 / c*-^? I A fa+i I'dx 
Jr Jr Jr Jr 

+ 3/3 /a^^l Ai;a+i|2da;-4/3 [ dC\ Av^+2\''dx - (3 [ A v^+2\^dx 
Jr Jr Jr 

+ f3 d'^£,\ Ava+2\'^dx -3P d£,\ Ava+^? dx - 2uj Im i d^£, AVa A v^+idx 
Jr Jr Jr 

+ 4(jJ/to / AVa+l A Va+2dx + 2lJ Im / dS, AVa+2 A Va+sdx 



+ 2(3 Im J dS, Ava A Va+2dx + 2/3 Im j ^ ^ Va+i A Va+2dx 

^ a+2 

-(3 I di\A Va+2\'^dx + 2 V /i^^' Im / £,Va A Vjdx 
Jr ^-^3 Jk 

+ 2Im / {\z\'^)a+2 Va Avdx + 2 Im / £_Vap{Aza+i,...)dx = 
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then 



-dt [ ^\vafdx+ [ dtClvc.fdx-SP [ d^\AVc,+3fdx + P [ d^^\ AVa+2\''dx 
Jr Jr Jr Jr 

-6/3 / di\Ava+2\^dx + 5P [ d^^\ A Va+i\^dx - (i [ d'' ^ \ A Vc,\^ dx 



= —2lj Im A Va+2 A Va+sdx — 4 a; Im A Va+i A Va+^dx 

Jr Jr 

— 2/3 Im ^ A Va+i A Va+2dx — 2/3 Im / AVa A Va+2dx 
Jr Jr 

a+2 



+ 2u) Im I d^^ AVa AVa+idx -2'S2h^^^ Im / ^VaAv^ 
Jr ^•_3 Jr 



idx 



-2Im 



Jr. 



+2Va A vdx — 2 Im 



I ^VcP{A. 
Jr 



Za+l, ...)dx 



hence, 



dt I ^Ifapdx- / dti\v^\''dx + 'd(} / Ai)a+3|2dx-/3 / | A f ^+2 1 'afx 
Jr Jr Jr 

+ 6/3 / d^\AVa+2\'^dx-5(3 [ d^^\ AVa+i\'^dx + (3 [ d^^\AVafdx 
Jr Jr Jr 

2 a; 7m / dS, AVa+2 A Va+adx + Acu Im / dS, AVa+i A Va+2dx 
Jr Jr 

+ 2/3 Im / ^ A Va+i A Va+2dx + 2/3 Im / AVa A Va+2dx 
Jr Jr 

^ a+2 

— 2ulm / d^^ A Va A Va+idx + 2'S2 h''^^ Im / ^VaAvjdx 
Jr ^•_3 Jr 

+ 2Im / ^{\z\'^)a+2Va Avdx + 2Im / £,VaPiAza+i, . . .) dx 
Jr Jr 

\uj\ / d^\AVa+2\'^dx+\u>\ / d^\AVc+3\'^dx + 2\(j\ / AVoc+i\'^dx 
Jr Jr Jr 

+ 2\iu\ [ d^\AVa,+2\''dx + \P\ [ CI At;„+iprfa: + |/3| [ ^\Ava,+2\^dx 
Jr Jr Jr 

+ |/3| / d^\AVa\^dx + \P\ [ d^\AVc,+2\^dx+\u;\ [ d^^\AVc,\^dx 
Jr Jr Jr 

+ |a;| / 53^1 At;„+i|2da; + 2 V /i« / CiJ„ A +2 / ^ (|2|2)„+2 

j-_3 Jr Jr 

Jr 



A vdx 



where 

£ \v„\'^dx 



Jr 



< - [{3f3-\um\AVa+3\^dx+ [[pd^^-6f3d^ + 3\uj\d^+\P\d^+\p\^]\Avc,+2fdx 
Jr Jr 

+ / [5/3^3^ + |a;|a3£ + 2 |a;|a£ + |/3| £] | A v^+^fdx + / [9^^ + /3a5C + I'^l + |/3| 5^] | A i 
Jr Jr 

+ 2 ^/i*-^^ / ^VaAVjdx +2 / C(|2;|^)a+2t^c« AtJdx +2 / £ t;«p(A^c«+i , ■■■)dx 

J — '-' 
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using that |a;| < 3/3 we have that the first term in the right hand side of the above expression is not 
positive. Hence, 



dt J £,\va\'^dx 

< J [Pd^C-Qf3d^ + 3\ij\d^+\P\d^+\f3\^]\Av^+2\^dx 

+ I [bf3d''i+\uj\d'^i + 2\Lo\d£, + \l3\i]\Av^+i\''dx+ [ [dt^ + P d^^ + d^^ + \p\ d^]\ A v^^fdx 

.) dx 



+ 2 



a+2 r r r 

V/l^-') / ^VaAVjdx + 2 / (^{\z\^)a+2Va Avdx +2 / ^VaP{AZa+l, 
^■^3 JVL JR JR 



Using that Af„ — AVn-2 — v„-2 and a standard estimate, the lemma follows. 

5 Uniqueness and Existence of a Local Solution 

In this section, we study the uniqueness and the existence of local strong solutions in the Sobolev space 
H^{M.) for TV > 3 for the problem ()2.4p . To establish the existence of strong solutions for (|2.4p we use 
the a priori estimate together with an approximation procedure. 

Theorem 5.1 (Uniqueness). Let \lu\ < 3/3, uo{x) e iJ^(R) with N > 3 and < T < +oo. Then 
there is at most one strong solution u G i°°([0, T] : (M.)) of (j2.4p with initial data u{x, 0) ~ uo{x). 

Proof. Assume that u, v e L°°{[0, T] : i?^(R)) are two solutions of with ut, vt e L°°{[0, T] : 

H^~^{M.)), and with the same initial data. Then 



i [u — v)t + i (3 {u — v)^ + w (u — v)2 + \u\^ u — v — Q 
with (u - v){x, 0) = 0. By ([511) 

i iu - v)t + i [3 {u — v)z + OJ (u — v)2 + \u\'^ {u — v) + {\u\^ - \v\^) V ^ 



(5.1) 



i {u — v)t + i (3 {u — 77)3 + oj {u — v)2 + |wp {u — v) + {\u\ ~ \v\) {\u\ + \v\) v — 0. 



Multiplying (15. 2|) hy £_{u ~ v) we have 



i ^ {u ~ v) {u — v)t + i (3 {u — v) {u — v)^ + aS,{u — v) (u — v)2 
+ |Mp \u - v\^ +^{u-v){\u\ - |i;|) (|u| + \v\) v = 0. 



(5.2) 



— i^ (u — v) {u ~ u)j — i /3 ^ (u — w) (u — v)^ + a ^ (u — w) (u — 

+ |up \u — + 1^ (u — v) {\u\ — \v\) {\u\ + \v\)v = 0. (applying conjugate) 

Subtracting and integrating over a; G K we obtain 



idt / — w| dx — i / dt^\u — v\ dx + i l3 / {u ~ v) {u — v)3dx 



+ i (3 / ^ (u — w) (u — v)^dx + u) / ^{u — v) {u — v)2dx 



LO j S^(u — v) {u — v)r^dx + 2i Im j {u — v) {\u\ — \v\) {\u\ + \v\) v dx = Q 



(5.3) 



16 



Each term is treated separately, integrating by parts 



^ (u — v) {u — v)3dx 



d'^^iu - v) {u ~ v)idx + 2 / dS,\{u - v)ifdx + / ^ {u ~ v)i {u - v)^dx. 
: Jr Jr 

The other terms are calculated in a similar way. Hence in (|5.3|) we have 



idt / ^ |w — u| dx — i / dt^ \u — v\ dx + i P d ^ (u — v) {u — v)idx 



+ 2il3 / d^\{u-v)i\^dx + iP / ^ {u ~ v)i {u ~ v)2dx + i P / ^ {u - v) {u - v) ^^dx 



+ iP / dS_\{u~v)i\ dx — i (3 / ^ (u — w)i (u — w)2(ia; — a; / {u — v) {u — v)idx 



— a; / ^|(u — w)i| dx + uj j d^{u — v) [u — v)-^dx + lo / ^|(u — z;)i| da; 



then 



+ 2ilm / ^ (m - w) (|u| - (|u| + = 



iSt / ^ |-u — wj^da; — i / dt4\u — v\'^dx + i (3 / (|u — u|^)ida; + 3 i /? / d^\{u — v)i\'^dx 



— 2iuj Im I dS, (u — v) {u ~ v)idx + 2i Im j £^ [u — v) {\u\ — \v\) {\u\ + \v\) v dx = 
if and only if 

dt [ ^\u-vfdx- I dti\u-vf dx + p I d^^i\u-vf)idx + 3P I d(\{u - v)i\^dx 



= 2ujlm I d(^{u ^ v) {u — v)idx — 2 Im j [u — v) [\u\ — \v\) {\u\ + \v\) v dx 
Jr Jr 

< \uj\ [ d^\u-v\^dx+\uj\ [ d^\{u-v)i\^dx + 2 [ ^\u-v\\\u\- \v\ \ {\u\ + \v\) \v\dx. 
Jr Jr Jr 

Using that | \u\ — \v\ \ < \u — v\, (|2.3p and standard estimates, we have 

dt I £,\u-v\^dx+ I [3P~\uj\]dS,\{u-v)i\^dx <c [ ^\u-v\^dx. 



Integrating in i G [0, T], using the fact that {u — v) vanishes at i = and Gronwall's inequality it follows 
that u = V. This proves the uniqueness of the solution. 

We construct the mapping Z : L°°{[0, T] : i7''(M)) i — > i°°([0, T] : i7"(M)) where the initial condi- 
tion is given by u^''^\x, 0) = uo{x) and the first approximation is given by 

= uo{x) 



u 



(n) 



n>l, 



where m^" is in place of z in equation (|4.3p and u'-"-' is in place of v which is the solution of equation 
(USD. That is 

- I ut"^ + i /? A + A 4"^ + (I A )2 A + 2 (I A A u^"^ 

+ |Au("-i)p a4")-(z/3 a 4"^+^ A4") + |Au("-i)p Au("') = 0. 
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By Lemma 4.1, u^"^ exists and is unique in C((0, +00) : H^{R)). A choice of cq and the use of the 
a priori estimate in Section 4 shows that Z : Bc(,(0) 1 — > Bco(O) where Bc(,(0) is a bounded ball in 
L°°([0, T] : i/"(R)). 

Theorem 5.2(Local solution). Let \uj\ < 3/3 and N an integer > 3. If uq{x) G i?^(M), t/ien there 
is T > and u such that u is a strong solution of ^T^, u e i°°([0, T] : i/^(R)) and 0) = ^0(2:). 

Proo/. We prove that for uo{x) e i7°°(R) = nfc>o ^^''(1^) there exists a solution it e L°°([0, T] : H^{R)) 
with initial data u{x, 0) = uo(a;) where the time of existence T > only depends on the norm of uo(x). 
We define a sequence of approximations to equation (|4.3p as 



+ 0[(| Az;("'i)p)2, (|Ai;("-i)ni, ...)] (5.4) 

where the initial condition is u^"' {x, 0) = uo{x) — d'^uo{x). The first approximation is given byz;(°)(a;, 0) = 
uo{x) — d'^uo{x). Equation (|5.4p is a linear equation at each iteration which can be solved in any interval 
of time in which the coefficients are defined. This is shown in Lemma 4.1. By Lemma 4.2, it follows that 

dt I dx<G(||z;("-i)|U)||z;(")||^+P(||«("-i)|U). (5.5) 



Choose a = 1 and let c > | |uo — c^^-uqI |i > H'WoHs- For each iterate n, ||-y(")( • , t)\\ is continuous in t G [0, T] 
and ||w^"^( • , 0)11 < c. Define cq = + 1. Let Tq"^ be the maximum time such that \\v'''^\ • , <)||i < C3 

for < t < T(j"\ < fc < n. Integrating over [0, t] we have that for < t < Tq^"' and j 0, 1 



[ds f a4'^\'dx)ds< rG(||i;("-i)||i) ||i;(")||2ds+ f F (\\v(^-''>\\j) ds. 



It follows that 



ax,t)\vl''\x,t)\'dx < ax,0)\vfix,0)fdx+ g(||«("-i)||i)||^;(" 



t 

|2 



ds 



+ /f(ii.'"-«ib) 



hence 



and 



71 / |i;j")(x, i)|2dx < / ax,t)\vf{x,t)\'dx 

Jm 

< f 0)|i;j")(x, 0)\^dx+ f G (\\v^-"~'^\\A 
Jr Jo ^ ^ 



71 71 71 

and we obtain for j — 0, 1 that 



71 71 71 

(n) 

Claim. Tq does not approach to 0. 

On the contrary, assume that Tg^"^ 0. Since ||'(;(")( • , t)|| is continuous for t > 0, there exists r G [0, T] 
such that ||uW( ■ , t)||i = cq for < r < Tg^^^ < fc < n. Then 

2 / 72 2 , G'(CO) 2 ^(«) , Fj^^o) rr,{n) 

° 7^ ° ° 7^ ° 
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as n — !■ cxD, we have 

(j^c' + lV <llc' then -4c4 + l<0 
V271 / 71 

which is a contradiction. Consequently Tg"' 7^ 0. Choosing T = r(c) sufficiently small, and T not 
depending on n, one concludes that 

||w^"^||i<C (5.6) 
for < i < T. This shows that Tg^"^ > T. Hence, from we imply that there exists a subsequence 

yin,) ^ yin) g^gl^ ^-J^g^^- 

„(»)A„ weakly on L"° {[0, T] : H\R)). (5.7) 

Claim, u — Av is a solution. 

In the linearized equation (|5.4p we have 

Since A = (/ - S^)"! is bounded in i/^K), A^""* belongs to H-^{R). -y^") is stih bounded in 
i°°([0, T] : iJi(K)) i2([o, T] : i/i(M)) and since A : L'^{R) H'^{M.) is a bounded operator, 

I Awi"-'||H2(R) < c||uf'^||i2(R) < c||wi"^||//l(R). 

Consequently, At;j"^ is bounded in L^{[0, T] : ij2(R)) ^ L'^(\Q^ T] : L'^{M)). It follows that ^^(aw^")) is 
bounded in £^([0, T] : i/^^^g))^ 

A 4"^ is bounded in ^^([0, T] : (5.8) 

Similarly, the other terms are bounded. By (|5.4p . Wj"-* is a sum of terms each of which is the product of a 
coefficient, uniformly bounded on n and a function in ^^([0, T] : H~'^(R.)) uniformly bounded on n such 
that vi"'^ is bounded in ^^([o, T] : H-'^{R)). On the other hand, i//„^(M) ^ h1^c(M) ^ H-'^{R). By 
Lions- Aubin's compactness Theorem [J^ there is a subsequence ^("j) = such that u'^"-' ^ u strongly 
on £^([0, T] : hI^^{R)). Hence, for a subsequence w^"^^ = we have w^") — > w a. e. in ^^([0, T] : 
Hf^^iR)). Moreover, from Aw^"^ ^ Av^ weakly in ^^([o^ T] : H-^{R)). Similarly, Aw^"^ Av2 

weakly in i2([o, T] : gj^^^^ j j ^^(«) j j^^^^^ < c 1 | ^2(8) < c | | |hi(e) < c 1 | |^i/2(r) and 

-> w strongly on ^^([o, T] : H^^^iR)) then Aw'") ^ Aw strongly in ^^([o, T] : iJf„^(M)). Thus, the 
fifth term on the right hand side of JM]), | A 1^ A 4"' | A A W2 weakly in ^^([o, T] : 

as Au^"^ ^ Aw2 weakly in ^^([o, T] : H-^{R)) and | Aw("-i)|2 ^ | Awp strongly on ^^([o, T] : iJfo^(R)). 
Similarly, the other terms in (|5.4p converge to their limits, implying Uj"-* — ^ vt weakly in ^^([0, T] : 
Lj^^{R)). Passing to the limit 

ivt = 9^(^/3 A W3 + w A U2 + I A A u) - (i^ A W3 + w A W2 + I A A w) 
= "(I - d'^){il3 Avs+uj Av2 + \ Avf Av). 

Thus ivt + {I - d'^){i f3 Avs+ui Av2 + \ Av\'^ Av) =0. This way, we have (|2.4p for u = Aw. 

Now, we prove that there exists a solution of ([2^ with m e i°°([0, T] : iJ^(R)) and iV > 4, where T de- 
pends only on the norm of uq in iJ^(R). We already know that there is a solution u e i°°([0, T] : H^{R)). 
It is suffices to show that the approximating sequence u*^"^ is bounded in L°°{[0, T] : H'^~'^(R.j). Taking 
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a = N — 2 and considering (|5.5p for a > 2, we define cjv_2 = 7^ ll'^o(')||w + 1- Let T^}_^ be the largest 
time such that ||t;*^''''(') < cn-z for < i < T^'^ig, < A; < ?i. Integrating (|5.5p over [0, t], for 

It follows that 

+ ^ ds 
hence 

71 / k"fdx< / ^\v^-^^dx < I e(x,0)|^;i")(:r, 0)pdx+ f G (Wv^^'^u) Wv^^^ \\lds 



then 



and we obtain 



71 Jr 71 71 

71 71 71 

71 71 71 



Iba '{-^ inLdx < — \\u{x, 0)11^ + C^-3*+ t 



7i 71 71 



Claim. T^^s does not approach to 0. 

On the contrary, assume that T^\^ 0. Since i)|| is continuous for t > 0, there exists r S 

[0, rAr_3] such that \\v^^\- , r)||„ = c^v-s for < t < T^"), < < n. Then 

CAr_3 < — 0)11^ H ^ ^ ^w-a ^ ^ '^w-s 

7i 7i 7i 

as n — > +CX3, and we have 

0)||2, + lj <^ 11^(2:, 0)11^ then 0)11^ + 1 <0 

which is a contradiction. Then T^^s 7^ 0. By choosing T7V-3 = T7v-3(||m(x, 0)||^) sufficiently small, and 
T/v-3 not depending on n, we conclude that 

Oil' <4-3 for all 0<t<rAr_3. (5.9) 

This shows that t'^^^I^^ > Tn-s- Thus, 
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Now, denote by < T^_^ < +00 the maximal number such that for all < f < T^_^, u = Av E 
i°°([0, t] : H^{R)). In particular, Tns < T^^r.g for aU > 4. Thus, T can be chosen depending only 

on the norm of uq in H^{R). Approximating uq by {u'-^^^} e C^(K) such that || Uq — Wg''''||/i-iv(R) — > as 
j +00. Let be a solution of (12. 4p with u''^\x, 0) — . According to the above argument, there 
exists T which is independent on n but depending only on sup^ ||uq"'''|| such that m*--'-' there exists on [0, T] 
and a subsequence u^J^ u in i°°([0, T] : iJ^(M)). 

As a consequence of Theorem 5.1 and 5.2 and its proof, one obtains the following result. 

Corollary 5.3. Let \u;\ < 3 /3 and let uq G i7^(R) with N > 3 such that u^^^ uq in H^{R). Let 
u and u'^^^ be the corresponding unique solutions given by Theorems 5.1 and 5.2 in L°°([0, T] : iJ^(R)) 
with T depending only on sup^ | |uq"''' | l^a^^) such that 

u(j') ^ u weakly on L°°([0, T] : i?^(K)), 
^ u strongly on L^{[0, T] : H^+^(R)). 



6 Existence of Global Solutions 

Here, we will try to extend the local solution u e L°°([0, T] : H^{Woiq)) of (|2^ obtained in Theo- 
rem 5.2 to i > 0. A standard way to obtain these extensions consists into deducing global estimations 
for the {Wq i o)-norm of u in terms of the [Wq i o)-norm of u{x, 0) = U[){x). These estimations 
are frequently based on conservation laws which contain the L^-norm of the solution and their spatial 
derivatives. It is not possible to do the same to give a solution of the problem of global existence because 
the difficulty here is that the weight depends on the x and t variables. To solve our problem we follow a 
different method using Leibniz's rule like in the proof of Theorem 3.1 of Bona and Saut ^3J. 

Theorem 6.1. For \lo\ < 3/3 there exists a global solution to (I2.4p in the space H^{R) r\H^ [Wq i 0) with 
N integer > 3 and s >2. 

Proof. The first part was proved in [3^. Differentiating (|2.4p a-times (for a > 0) over a; G R leads 
to 

iUat+iPUa+3+CJUa+2 + {\u\'^)aU+'^ i j ( | + |m P = 0. (6.1) 

Let ^ — ^(x, t), then multiplying (|6.ip by £,Ua we have 

iS^UaUat +i(3^UaUa+3 + ^ 

+ ]{\u\'^)a-niiUmUa + £,\u\'^ \Ua\'^ = 

m=l 

and 

-i^UaUat - i f3^Ua Ua+3 + LU 

(I'^l )a 

+ X! ( j{\uf)a-rnS.Ur,iUa+£.\uf\uaf=0. (applying Conjugate) 

m=l 
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Subtracting and integrating over a; G M we have 

idt I S,\Ua\^dx + i (i I S^UaUa+zdx + i [3 I £^UaUa+3,dx + U I S^UaUa+2dx 

Jk Js. Js. Jr 

— UJ £_UaUa+2dx + 2ilm / ^ U Mcdx + 2 i ( )/m / £^ (\u\'^)a-mUmUadx = 

Jm Jr ^1 Jr 

Each term is calculated separately, integrating by parts in the second term we have 

/ ^UaUa+sdx— / d^^UaUa+ldx + 2 / 9^ |Uq,+ i j^dx + / ^Ua+2Ua+ldx. 

Jr Jr Jr Jr 

The other terms are calculated in a similar way. Hence in (j6.2p 

dt / £,\ua\'^dx ~ P / \ua\'^ dx + 3 P / dS^\ua+i\'^dx — 2uj Im / dS,UaUa+idx 

JR JR JR JR 

— / dt^lUal^dx + 2 Im / £^ (\u\'^)a UUadx + 2 'S^ I ]lm / {\u\'^)a^m.UmUadx ~ 

Jr Jr \mj Jr 



such that 



Hence 



But 



then 



hence 



dt I ^\ua\'^dx-l3 / d^^\ua\^dx + 3P / d^\ua+i\'^dx + 2 Im / {\u\'^)a^uuadx 

JR JR JR 

- / dt(,\ua\'^dx + 2 ( " ]lm / ^ Madx 
^R V"^/ ^R 

2alm / 9^ Ua+ida; < / 9^ juapiix + jwl / dS,\ua+i\'^dx. 
Jr jr Jr 

9t / ^K\^dx+ [[3p~\Lu\]d^\uc,+i\^dx- [[dt^ + pd^^+\uj\d^]\u^\^dx 



2Im / {\u\'^)a^uuadx + 2 "V ( " |/m / 
^R \mj Jr 



£, i\u\'^)a-mUm U^dx < 0. 



fe=0 ^ ^ 



Ua-k Uk^UUa- 



E 

fc=i 



Ua-fe Uk+ UUo 



{\u\'^)aUUa = |UaP + ^ ( " j Ua^fc life U Uq + 



: JR 

^E(?) / |u| lUalrfa; + 2 j £^\ua\^dx 

V^/ JR JR 



< 



< 



Q-1 



fe=l 



< 2||u| 



k=l 



E(") / C|Ma~fe| l^fcl l^aMa: + 2 ||m|||oo(r) / ^\ua\'^dx 



22 



hence in (16.31) we have 



dt f C\ua.\^dx+ f[3p-\Lo\]d^\uo.+,\^dx< f[dt^ + pd''^+\u;\d^ + c^]\u^\^dx 

JR JR JR 

+ 2C^ f ^ j / S,\Ua-k\ \uk\ \u\ \Ua\dx " 2 ^ f " j /to / ^ {\u\'^) a-m UmUadx . 
k=l V / "'R m=l ^"^^ •'^ 

Using (|2.3p . GagUardo-Nirenberg's inequahty and standard estimates we get 

dt [ ^\u^\^dx+[3P-\Lu\] [ di\ua,+i\^ dx < c [ ^\u^\^dx. (6.5) 

jR JR JR 



Integrating (|6.5p in t e [0, T^ax = T] we obtain 



t r rt 

2 



[3/3- / / dC\ua+irdxds <\\uoix)\\i+ / (c/ ^|u„|^dx)ds, 
Jo 



where 



/ £, \ua\'^dx < ||uo(a;)||^ + / [c £, \ua\'^dx I ds. 

JR Jo \ JR / 

Using Gronwall's inequahty 

[ ^u^l^dx <\\uo{x)\\le''' <\\uo{x)\\le'^ 

JR 

it follows that 

'"e|UaPrfx<C=c(T, \\uo{x)\\l). 

Then for any T — Tmax > there exists c = c(T, ||uo(x)||^) such that 

Ml + [3 f3 - \uj\] f f d^\uo,+i\^dxds<c. 

Jo JR 

This concludes the proof. 

7 Persistence Theorem 

As a starting point for the a priori gain of regularity results that will be discussed in the next section, 
we need to develop some estimates for solutions of the equation (|2.4p in weighted Sobolev norms. The 
existence of these weighted estimates is often called the persistence of a property of the initial data uq. 
We show that if uq e H^{R)nH^{WQ i o) for L > 0, i > 1, then the solution u{ - , t) evolves in H^(Wo i o) 
for t S [0, T]. The time interval of that persistence is at least as long as the interval guaranteed by the 
existence Theorem 5.2. 

Theorem 7.1 (Persistence). Let \lo\ < 3 /3 and leti > 1 and L > be non-negative integers, < T < +cx). 
Assume that u is the solution to (|2.4p in L°°{[0, T] : H'^{R)) with initial data uo{x) = u{x, 0) G H'^{R). 
IfuQ{x) e iJ-^(Woio) then 

ue {[0,T]: H''{m.)nH'^{Wo^o)) (7.1) 
\d^+\(x,t)\^rjdxdt<+oo (7.2) 
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where a is arbitrary, rj G Wa ; o for i >1. 
Proof. We use induction on a. Let 

li e ([0, T] : ij3(R) nff"(H/o«o)) for < a < L. 

We derive formally some a priori estimate for the solution where the bound, involves only the norms of u 
in L°°([0, T] : H'^iW)) and the norms of in H^{Wo i o). We do this by approximating u{x, t) through 
smooth solutions and the weight functions by smooth bounded functions. By Theorem 5.2, we have 

t) e i°^([0, T] : i/^(]R)) with N = max{L, 3}. 

In particular, Uj{x, t) £ L°°([0, T] x M) for < j < iV - 1. To obtain ([7T|l and (fr2|l there are two ways 
of approximation. We approximate general solutions by smooth solutions, and we approximate general 
weight functions by bounded weight functions. The first of these procedure has already been discussed, 
so we shall concentrate on the second. 

Given a smooth weight function r](x) S W^o-, i-i,o with cr > 0, we take a sequence r]'^{x) of smooth 
bounded weight functions approximating r]{x) from below, uniformly on any half line (— oo, c). Define 
the weight functions for the a-th induction step as 



(3/3- \uj\) 

then the are bounded weight functions which approximate a desired weight function ^ e Wq i o from 
below, uniformly on a compact set. For a = 0, multiplying (|2.4p by S,uU, we have 



i S,^ uut + i (3 uu^ + Lo UU2 + \u\'^ = 

- i uut - i [3 £,v UU3 + uj £,u UU2 + ^i, 0. (applying conjugate) 

Subtracting and integrating over a; G R we have 

idt £,u\u\'^dx~i / dt£,,y \u\'^ dx + i P / ^,yUU3dx + i(3 / S^^uusdx 
Js. Js. Js Js. 

+ UJ £^,yUU2dx — uj / £^yUU2dx = Q. (7-3) 
Jr Js 

Each term is treated separately, integrating by parts in the third term we have 

/ S^yuu^dx = / d'^£,i^uuidx + 2 / dS,^ \ui\'^ dx + / £^yU2Uidx. 
Js Jr Js Js 

The other terms are calculated in a similar way. Hence in (j7.3p we have 

dt f £,y\u\^dx- [ dt^y\u\^dx- (3 [ \u\^ dx + 3 p [ d^y\ui\^dx 
Js Js Js Js 

— 2ujlm / dS^yUUidx < / + |cj| / 

JR Js Js 



Then, using (|2.3p we obtain 

dt f ^,\u\''dx+ f [3P-\Lj\]d^y\ui\''dx 
Jr Jr 

< [ [dt^. + f3 d''^, + \io\d^y]\u\^dx < c f i,\u\''dx 
Js Js 



thus 



dt / \u\'^dx <c [ ^y \u\^dx. 
Jr Jr 



24 



We apply Gronwall's Lemma to conclude that 

dt I iu\u\'dx<c{T, \\uq\ 



(7.4) 



for Q <t <T, and c not depending on /3 > 0, the weighted estimate remains true for /3 — > 0. 

Now, we assume that the result is true for (a — 1) and we prove that it is true for a. To prove this, we 

start from the main inequality p.ip with ^ and rj given by and rj^, respectively. 

dt / ^i/|uQpda;+ / ■qy\ua+i\'^dx + / 0^\ua\'^dx ^- / Radx < 
Jm. Jr Jr Jr 



where 



= (3/3-|w|)ae. for |w|<3/3 
9^ = - [dt^^ + P d^S,;, + \uj\d^i, + co^u] where cq = ||m||^o 

Ra -^a(|^a|; |^a — l|i ■ ■ ■ ) 



dt J \Ua\'^ dx + J rj^ \Ua+l\^dx < ~ J 9^\ua\^dx — J Radx 



\Ua\'^dx — / Radx 



< / \ \Ua\'^dx + / \Ra\dx 



then 



< 

Using ()2.3p in the first part of the right hand side we obtain 

/ \ua\'^dx < c / £_^\ua\'^dx 
Jr Jr 

thus 

dt / £,„\ua\'^dx+ / f]i,\ua+i\'^dx < c / £,^\ua\'^dx+ / |i?Q|(ia;. 
Jr Jr Jr Jr 

According to p.Sp , /jj i?Q rfa:; contains a term of the form 

Jr 

We estimate the term 

/ (.ly 1*1/1 ^1^2 ^ct dx for i/i + i/2 = a. 
Jr 

Let 1^2 < a — 2. Integrating by parts one time in ()7.7p we have 

£,„U,y^U^2Uadx = I d£,u Uy^U^^Ua-l dx - I ^lyU^^ + iUi^^Ua-ldx 

; JR 



(7.5) 



(7.6) 



(7.7) 



We estimates the first term in the right hand side in (j7.7p . Using Holder's inequality and standard 
estimates we obtain 



\ dx] \ [ \ua-i\ dx 



1/2 
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where (|7.8p is bounded by hypothesis. The other terms are estimates in a similar way. Now suppose that 
I'l = 1^2 — o: — 1, then in (j7.7p we have 



hence 



Q-1 I |L = 



\Ua-l\ dx 



1/2 



\uc,\ dx 



1/2 



where ||Ma-i||L°o(B) is bounded by hypothesis, and the estimate is complete. In a similar way we estimate 
all the other terms of R^. Using these estimates in (j7.5|) and applying Gronwall's argument, we obtain 
for < t < T 

dt I iAu<.?dx+ /ry. |ua+ipdx<coe=i* { j \d'' u^ix)]^ dx + I 
Jr Jr \Jr 

where cq and ci are independent of v and such that letting the parameter ^ the desired estimate 
(17.21) is obtained. 



8 Main Theorem 

In this section we state and prove our main theorem, which states that if the initial data u{x, 0) decays 
faster than polynomially on M+ = {x S M : x > 0} and possesses certain initial Sobolev regularity, then 
the solution u{x, t) £ C°° for aU t > 0. 

If rj is an arbitrary weight function in Waik, then by Lemma 3.2, there exists ^ G Wa. i+i, k which 
satisfies p.ip . For the main theorem, we take 4 < a < L + 2. For a < L + A, we take 



V e Wa.,L-a-2. a-3 



£, e Wa,L-a-3,a- 



3- 



.1) 



Lemma 8.1 (Estimate of error terms). Let A < a < L + 2 and the weight functions be chosen as in (|8.ip . 

then 



{9 Iwap + Ra)dxdt 



(8.2) 



where c depends only on the norms of u in 

for 3 < P < a~l, and the norms of u in L°°([0, T] : H^(Wo l o))- 

Proof. We must estimate both Ra and 9. We begin with a term in Ra of the form 

£.\Uui \ \u^J \Ua\ 

assuming that vi < a — 2. 



(8.3) 



By the induction hypothesis, u is bounded in L°°{[0, T] : iJ'^(Wo.. l-(/3-3)+, (/3-3)+)) for < /3 < a — 1. 
By Lemma 2.1, 



sup sup C {upl < +00 

t>o xeR 



(8.4) 



for < /3 < a — 2 and ( € W^. l-(j3-2)+ , {f3-2)+ ■ We estimate \ui,^ \ using (18. 4|) . We estimate lui^^l and 
\ua\ using the weighted bounds 



C \ui,^\^ dx dt < +00 for C e W^^r, L-(i/2-3)+, (1^2-4)+ 



(8.5) 
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and the same with Vi replaced by a. It suffices to check the powers to i, the powers of a; as x — » +00 and 
the exponential of x as a; — > — 00. 

For X > 1. In the (|8.3p term, the factor f contributed according to (|8.ip 

i{x, t) = j;{L-»+3) 2;-(i-"+3)^(2.^ < ^3 a;(i-"+3) (usinglESl)) 

then ^|m^J < C2 t""^ x(^""+3) |ui.J \ua\. Moreover 

("1-2)+ I.-(..i-2)+ -(.^1-2)+ (I.-(,.i-2)+) 

Iwi^il Fa| = i 2 a; 2 i 2 2; 2 X 

(■^2-4)+ I.-(^2-3)+ -(■^2-4)+ (L-(^2-3) + ) , 
t 2 a; 2 t 2 a; 2 X 

(f-<l)+ I.-(q-3)+ -(q-4)+ (I.-(e»-3)+) 
i 2 2; 2 t 2 2; 2 

tt follows that 

\ \Ui^2 \ Wa\ 

, ,M T ^-(-1-2)+ I , (-2-4)+ J-("2-3)+ I (°-4)+ I-(°-3) + 

<C2t x^t 2 a; 2 Iw^Jt 2 a; 2 lu^aU ^ ^ ^ l^al (8.6) 

where 

Af = a-3-i(^i-2)+-i(z.2-4)+-i(a-4) + 

and 

r=(L-a + 3)-i(L-(a-3) + )-i(L-(i.2-3)+)-i(L-^i-2) + ). 

Claim. M > is large enough, that the extra power of t can be omitted 

2M = 2a-6- (i/i -2)+ - (j/2 -4)+ - (a-4)+ 

= a - 2 - (z/i - 2)+ - (1.2 - 4)+ 

= a - 2 - z/i + 2 - 1/2 + 4 = a + 4 - (i^i + 1/2) 

= a + 4- a = 4>0. 

Claim. T < is such that the extra power of t can be omitted. 

2T = 2L- 2q; + 6 - L + (a- 3)+ - L + (i^2 - 3)+ -L + (j^i - 2)+ 
= — L — a + i'i+iy2 — 2 = — L — a + a — 2 
= -{L + 2)<0. 

Now, we study the behavior as x — oo. Since each factor u^-{j — 1, 2) must grow slower that an 
exponential e'^ 1^' and ^ decays as an exponential e"'^!^', we simply need to choose the appropriate rela- 
tionship a and a' at each induction step. The analysis will be completed with the case where vi > a — 1. 
Then, in (|3.9p . if 2{a — 1) < a, but a > 3. So this possibility is impossible. For x < 1 the estimate is 
similar, except for an exponential weight. The analysis of all terms of Ra is estimated in a similar form. 
This completes the estimate of Ra- 

Now, we estimate the term 9 |uaP where 9 is given in (|3.ip . We have that 9 involves derivatives of u only 
up to order one, and hence, 9 |uqP is a sum of terms of the same type which we have already encountered 
in Ra. So, its integral can be bounded in the same type. Indeed, (|3.ip shows that 9 depends on ^t, d'^S, 
and derivatives of lower order. By using p.6p we have the claim. 



Theorem 8.2(Main Theorem). Let \uj\ < 3 /3, T > and u{x, t) he a solution of ()2.4|) in the region 
M X [0, T] such that 

u(.L°°{[Q,T]: H^W^Lo)) (8.7) 
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for some L > 2. Then 

ueL°°([0, T]: H'+'iW,,L-ij))nL\[0,T]: H^+\W,,l-i-i,i)) (8-8) 
for all < I < L ~ 1 and all a > 0. 

Remark. If the assumption (|8.7p holds for all L > 2, the solution is infinitely differentiable in the x- 
variable. /^From ()2.4p we have that the solution is C°° in both variables. We are also quantifying the 
gain of each derivative by the degree of vanishing of the initial data at infinity. 

Proof. We use induction on a. For a = 3, let m be a solution of (|2.4p satisfying (|8.7p . Therefore, 
ut e L°°([0, T] : L^WoLo)) where u G i°°([0, T] : H^Wq l o)) and e L°°([0, T] : ^^(l^oLo)). 
Then u G C([0, T] : L^{Wo l o)) n C^{[0, T] : H^{Wolo))- Hence, w : [0, T] ^ ff^(W^oLo) is 
a weakly continuous function. In particular, u{-,t) e 7J'^(Woio) for all t. Let io G (0, T) and 
io) e i?^(WoLo), then there are {4"^} C Co°°(M) such that ^ w( • , to) in i?3(H/oLo)- 

Let u("Ha;, t) be a unique solution of (|2.4p with u'"-'(a;, to) = '^'o"''- Then by Theorem 5.1 and 5.2, there 
exists u in a time interval [to , to + d] where S > does not depend on n and u is a unique solution of 

u<^''1 e L°°([to, to + S]: H^iWoLo)) with to) = 4"'(^) ^ "(a^. ^o) = uoix) inH'^iWoLo). 

Now, by Theorem 7.1, we have 

ei°°([to, to + ^] : if-^(I^oLo))nL2([to, to + ^] : /^^(I^,, o)) 

with a bound that depends only on the norm of Mq"'' in H^(Wo l o)- Furthermore, Theorem 7.1 guarantees 
the non-uniform bounds 

sup sup (1 + I-t+I)*^ I (9"w(")(x, t) I < +CX) 

[to, to+S] X 

for each n, k and a. The main inequality (|3.ip and the estimate (18. 2p are therefore valid for each in 
the interval [to, to + S]. rj may be chosen arbitrarily in its weight class ()8.ip and then ^ is defined by p.7p 
and the constant ci, C2, C3, C4 are independent of n. From (|3.ip and (|8.ip we have 

sup [ ^\ul^^\^dx+ [ 7j\u^^l^\^dx<c (8.9) 

[to, to+i5] "'K "'to "'R 

where by (|8.2p . c is independent of n. The estimate (|8.9p is proved by induction for a = 3, 4, 5, . . . Thus 
is also bounded in 

L°°{[to,to+S] : H''{W^^L-a.+3, 0.-3)) nL\[to, to+S] ■ i/"+'(W^a,L-a+2,a-3)) (8.10) 

for a > 3. Since u^") ^ it in L°°{[to, tg + ^] : H^{Wo l o))- By Corollary 5.3 it follows that u belongs to 
the space (|8.10p . Since S is fixed, this result is valid over the whole interval [0, T]. 
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